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Generating functions are obtained for certain types of permutations analogous 
to up-down and down-up permutations. In each case the generating function 
is a quotient of entire functions; the denominator in each case is &,Q) - 
4dxMx~, where 
$,(x) = .g F’~/(4n -f-j)!. 
n=o 
1. INTRODUCTION 
A permutation (a, , a, ,..., an) of Z, = {1,2 ,..., n} is called an up-down 
permutation if 
a1 < a2, a2 > a3 , a, < a4 ,... . 
This can be represented by the following scheme. 
(12 even), 
./“\,/o\,/“\,/“\,/“\, (n odd). 
Let A(n) denote the number of up-down permutations of Z, . It is well 
known (see for example [4, pp. 105-1121) that 
$ &n) $ = set x + tan x, (1.1) 
where A(0) = A(1) = 1. 
This result has been generalized in the following way. Let k, t be fixed 
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integers, k 2 2, t 3 0. We consider permutations of Zkllft of the following 
kind. 
Each incline, except possibly the last, contains k nodes; the last contains 
t nodes. In the above illustration, n = 3. We may call permutations of 
the form (1.2), with 72 arbitrary, (k, t)-permutations. 
Let &,,(nk + t) denote the number of (k, t)-permutations of Zkn+t, 
and put 
Ak,tw = 1 0 3 11, 
Ak&) = 0 (0 < s < t). 
It has been proved, by specializing a more general result, that [3] 
f &,,(kn + t) tk;k;;,! = &$$ (t a 11, 
7Z=O 
where the &&x) are essentially the Olivier functions of order k: 
Bk.dX> = f (-1)” (Lk;+;)! (t = 0, 1, 2 ,... 1. 
n=o 
A simplged proof of (1.4) and (1.5) is given in [2]. 
In the next place, consider permutations of ZJnol of the type 
./ 
/\ /“\ /“\ /“\ o\,/” O\/ o\o/o O\, 
(1.3) 
(1.4) 
(1.5) 
(1.6) 
(1.7) 
The broken lines indicate so-called conventional rises and falls. Let B4n-1 
denote the number of permutations of ZdnT1 of this type. It has been 
proved that [l] 
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where for brevity we put 
d&d = f. (4;4;;)! (j = 0, 1, 2, 3). (1.9) 
In the present paper we consider some additional types of permutations 
similar to (1.7). We begin with the basic type 
./ 
/\ /“\ /\ /“\ 
a\/0 “\,/O 9,/” O\, (1.10) 
We then add i nodes on the left and j on the right, where i, j = 0, 1,2. 
For example for i = 1, j = 2 we have 
/O\ /\ /\ /O\ 
O\/O O\,/O “\,/” “\,P ‘O (1.11) O\,/” 
Let A,(4n + i + j + 1) denote the number of such permutations 
z 4n+1+3+1 . For i + j > 3, it is convenient to define 
&(i + j - 3) = 1. 
Put 
of 
( fj &(4n + i + j - 3) (4n ,“i”‘;‘;” 3)! (i + j > 3). n-0 (1.12) 
The Fig are by no means independent. With every permutation (1 .l 1) 
we can associate additional permutations in two ways. First the permuta- 
tion can be read from right to left. Second, the transformation of 2, 
(m = 4n + i + j + l), 
b,=m-aa,+ (k = 1, 2 ,..., m), 
when applied to (1.11) gives 
/\ 
“\,/” 
/O\ /“\ /“\ /O\ 
9,/” O\/O “\,P O\, 
It follows that 
Fidx) = I;,& (i,j = 0, 1,2), 
F& = &oW 
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Also the BanP1 of (1.8) satisfies 
We shall show that the Fi, can be evaluated in terms of the Olivier 
functions (1.9) of order 4. Indeed we show that 
Go = (MI - hM/D, Folol = (41” - h2P’9 
41 = (A#2 - +ow% Fo2 = AiD, 42 = MD, 
(1.13) 
where D = +,," - $1+8 . The third of these is the same as (1.8), thus 
furnishing a new proof of that formula. For more explicit results see 
Theorems 1 and 2 of Section 4 below. 
In view of (1.13) it would be of interest to identify the coefficients in 
the power series expansions of 
l/D, W4 AID. (1.14) 
We shall show that if A(4n + 1) denotes the numbers of permutations of 
Z4n+l with pattern of the form 
,/\ A /\ A o\,/O o\,/O o\o/o “\,P 
then 
(1.15) 
However we are unable to identify the coefficients of l/D and &D. 
2. We have defined A,(4n + 1) as the number of permutations 
of Z4n+l of the type 
.A 
/\ /\ lo\ /\ 
O\o/o o\,/O o\,/O O\, (24 
The number of nodes on the top line is n. To get a recurrence for 
A,(4n + 1) we consider the effect of removing the element 4n + 1. 
Clearly this must lie on the top line. Thus after deleting this element, 
(2.1) breaks up into two permutations of the following type. 
/\ /\ /\ 
o/ o\,/O 9,/” o\o/o O\, 
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The one on the left is enumerated by A,,(4j - 2), the one on the right by 
A,,(4n - 4j + 2). Since the elements comprising the permutation on the 
left can be chosen in &i?&) ways and since A,,(4k + 2) = A,,(4k + 2), 
it follows that A,(4n + 1) satisfies 
Ao(4n + 1) = $gl (4n4n 4j) A,,(4j - 2) A,,(4n - 4j + 2). (2.2) 
The other cases of A,(m) are treated in a similar way but we must 
now allow for the possibility that the maximal element may occur on 
the extreme left or extreme right. For example, for & : 
./ 
/\ Y/O /\ A A ’ (23) o\o/o o\o/o o\,/” * 
if the maximal element occurs on the extreme right we get an additional 
term containing A, : 
&(4n + 2) = i (E z :) &(4j - 2) &(4n - Y + 3) + &(4n + 1). 
j=l 
Similarly we get 
A,,(4n + 3) = i ($l z t) All(4j - 1) A,(4n - 4j - 
j-1 
+ &,(4n + 2) + &(4n + 2), 
-4,,(4n + 3) = i (E ? i) &(4j - 2) &(4n - W, 
j=l 
(2.4) 
3) 
(2.5) 
Q-6) 
A,,(4n) = i (t 7 f ) &(4j - 
j=l 
1) &(4n - Y> + &,(4n - 
(n > 0). 
1) 
(2.7) 
It is understood in (2.6) and (2.7) that A,,(O) = 1. 
We now define F&C) by means of (1.12). It then follows from (2.2) 
and (2.4)-(2.7) that 
Goc4 = ma (2.8) 
m4 = EblW M4 + &0(-4~ (2.9) 
K,(x) = exx> + 2u-4, (2.10) 
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F&(x) = F,,(x) F&L (2.11) 
G,(x) = 41(x) h2(x) + Fo,W* (2.12) 
Thus the five generating functions FM, I&, F,, , F,,F,,  F12 satisfy the 
system of differential equations (2.8),..., (2.12) with initial conditions 
&o(O) = F,,(O) = I;,,(O) = Fo@) = 0, F,,(O) = 1. (2.13) 
Another relation involving F,, can be obtained in the following way. 
Removing the maximal element, it is evident from the scheme 
that 
O\ /\ A A / o\o/o O\/ “\,P a\o/o 
&(4n + 1) = j$o (E) &(4j) -412(4n - - 4j). 
Since AZ2 = A,,,, , A,, = Al, , we have 
-4&4n + 1) = f ($) &(W &(4n - Y> 
i=O 
and therefore 
Go(x) = F&(x). 
Comparison of (2.15) with (2.8) gives 
F,~,(x) = F:dx) + 1. 
(n > 0), (2.14) 
(2.15) 
(2.16) 
3. In order to solve the above system of equations we require 
some properties of the special Olivier functions: 
Gx) = nIo (4z4JJ)! (j = 0, 1, 2, 3). (3.1) 
Clearly 
hlw = +3(x), hYx> = A-l(X) u = 1,293). (3.2) 
Put 
D = DC4 = +oYx) - A(x) 4&d. (3.3) 
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It follows from (3.2) that 
D' = -N, 
where 
N = NC4 = Md Mx> - M4 d&d. 
Similarly 
N’=2M, M'= L, L' = K, K’ = -2N, 
where 
44 = me = -Kwx> - Aw>~ 
L = L(x) = M4 41(x) - +2(x> 43(x), 
K = K(x) = #$(x) - @(x). 
Comparing (3.4) with the last part of (3.6), we get 
K=2D- 1. 
Hence, by (3.3) and (3.9), 
4c12(4 + da2W = 2MQ Mx) + 1. 
Another relation of this kind that will be needed is 
412W + 432w = 2M9 42(x>. 
By (3.11) and (3.1), we have 
(3.4) 
(3.5) 
(3.6) 
(3.7) 
(3.8) 
(3.9) 
(3.10) 
(3.11) 
(3.12) 
h12(x) + $22(x> + $12(4 + 432c4 - %Mx) 42(x) - %(x) M4 
= (bow - #2W2 + (#l(X) - Ma2 
= cos2x + sin2x = 1, 
and (3.12) follows at once. 
It follows from (3.4) and (3.6) that N satisfies the differential equation 
. 
N”” zzz -4N (3.13) 
N(0) = N’(0) = N”(0) = 0, N’“(0) = 2; (3.14) 
the last relation follows from (3.5) and (3.1). Hence 
22"+lx4n+3 
N = i. (-9” (4n + 3)l . (3.15) 
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By (3.6) this yields 
and finally 
22n+lX4n+l 
M= fo(-l)” (4n +2)1’ (3.16) 
(3.17) 
(3.18) 
(3.19) 
4. We shall now evaluate the Fi, . Put 
H = l/D, Ha = N/D, H, = 2M/D, 
Then, by (3.4) and (3.6), we get 
HI = L/D. (4.1) 
As for HI, we have 
H’= HH,, (4.2) 
H,’ = H, + Hs2, (4.3) 
H,’ = 2H, + H,H, . (4.4) 
HI’ = (K/D) + (LN/D2) = [(2D - 1)/D] + (LN/D2) = 2 - H + H,H, . 
We shall show that 
H,’ = &H22 + 1. (4.5) 
In order to prove (4.5), it suffices to show that 
1 - H + H,H, = sHea, 
that is, 
M2+D-D2-LN=O. (4.6) 
Using (3.11) and the explicit expressions for D, L, M, N, (4.6) becomes 
4(M - M3)(422 - h&3) + <A2 - h2l2 
- 4(Alh - daM(hd2 - 4lAJ = 0. 
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After a little manipulation, this reduces to 
(A2 + A2 - %42)2 = 0, 
which is true, by (3.12). 
By (2.8)-(2.10), F,,, , Fol , F,, satisfying 
Go =F,2, + 1, 
Fti, = J’o&, + fk, , 
FL = Fh + 2&, , 
while, by (4.3)-(4.5), & , H, , Hs satisfy 
H,’ = &H22 + 1, 
Hz’ = H,H, + 2H,, 
H,’ = Hs2 + H, . 
(4.7) 
(4.8) 
Moreover the initial conditions are 
&O = FodO) = MO) = 0, 
HI(O) = H,(O) = Ha(O) = 0. 
It therefore follows that 
ho = 4, 2&n = H2 , 41 = Ha, 
or, preferably, 
FM = LID, 4, = WQ F,, = N/D. 
In the next place, by (2.16) 
F& = F& + 1 = (M2 + D”>/D”. 
Now, by (3.11) and (3.12) 
4M2 + 4D2 = ($1” - $a2) + 4(# - &$a)” 
= (41” + 4s212 + 4Y5c12(~oa - 25M) 
= wov52>2 + 4Alv - ba”) = 4+02> 
so that 
FE = do/D. 
(4.9) 
(4.10) 
(4.11) 
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As for F,,, , by (2.12), we have 
r;,, = F;, - F&2 = (WV - tW/D2~. 
Since 
t+o/D)’ = twn + (bw~“)~ 
it is clear that 
&a = &ID. (4.12) 
TO verify that (4.11) and (4.12) are in agreement with (2.11), we must 
show that 
that is, 
or 
$20 + AN = 4oM (4.13) 
2$2(40a - ~,~a> + %(4142 - AA> = Mlb2 - h2). 
Simplifying, this becomes 
2+240a = M~12 + 423 = 40 * 2~0~2, 
by (3.12). 
We note that it follows from (3.12) that 
M = 41” - 9w2 * (4.14) 
Also repeated differentiation of (4.13) yields the following identities 
AD + AM - A& = 0, 
AD + VW - 952M = 40, (4.15) 
qh,D -I- AM - 42L = $3. 
We may now state the following 
THEOREM 1. The generating functions F,,, , FO,, , FIX, F,, , F12 are 
determined by 
F, = L/D, Fo, = MID, r;;, = N/D 
and 
Foa = 4aP4 F12 = doiD, 
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The formulas for Fij can be put in more explicit form by making use 
of (3.15), (3.16), (3.17), (3.19). 
THEOREM 2. In the notation of Theorem 1, we have 
D= 1 + f (--I).%, 
n=l 
22n+lX4n+S 
N = $(-‘)” (4n + 3)! ’ 
22n+lX4n+l 
M = ngo (-l)” (4n + 2)! ’ 
22nX4n+l 
L = z. (-l)” (4n + 1) ! ’ 
hJ = %fO &! ’ 43= i. (;:.3)!. 
Various recurrences are implied by the results of Theorems 1 and 2. 
For example, since N = DFl, , we get 
&(4n + 3) + ,tl (-l)“-” (4n4; 3) 22”-1 = 22n+1 
(n = 0, 1, 2 ,... ). 
Similarly, since D = fiOz - +1#3, it follows that 
hA - Wo2 = 1. 
This gives 
(4.16) 
L (ii) A&n - 4M = zl (4k4; 1) A&h - 4k - I) 
(n = 1, 2, 3 ,... ). (4.17) 
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Again, since, by (2.16), F12 = F,,, + 1, we get 
= z; (4k”; 2) 
A,,(4k + 2) &(4n - 4k - 2) 
and so on. 
The identity 
(n = 1, 2, 3 ,... ), (4.18) 
M2 + D2 = 90” (4.19) 
appeared in the proof of (4.11). Repeated differentiation of (4.19) gives 
the following additional identities: 
ML - DN = &,&, 
N2 + L2 = 41” + +s2, (4.20) 
2NM + LK = +a+1 + 4243. 
Additional recurrences are implied by (4.19) and (4.20). For example, 
(4.19) yields 
= ;; (4k”; 2) 
&(4k + 2) A,,(4n - 4k - 2) (n > 0), (4.21) 
while the first of (4.20) gives 
ia c; 1 :I A,,(4k + 2) A,(4n - 4k + 1) - 2A11(4n + 3) 
= 2 j. (4n4; “) &W) -4m(4n - 4k + 3) (n 2 0). (4.22) 
5. We consider now permutations with pattern 
/\ o\o/o /\ /“\ /\ o\o/o o\,/” o\,/” (5.1) 
.58418/3-3 
274 CARLITZ AND SCOVILLE 
This together with the five types considered above exhaust the possibilities 
obtained by starting with 
./ 
/\ 
o\o/‘o 
/“\ A0 /\ / 
O\,/ \,/ o\,/” 
and deleting elements on the left or on the right. 
Let A(4n + 1) denote the number of permutations of Z4n+l with 
pattern (5.1) and put 
G(x) = 2 A(4n + 1) (4n;4;;), 
la=0 
Clearly 
&4n + 1) = $;(,4; 1) A(4k + 1) A,,(4?2 - 4k 
so that 
G’(x) = G(x) %(x) + &(x). 
Then, by Theorem 1, 
G’ = WID) + (4oI-D). 
Since N = -D’, this is the same as 
DG’ + D’G = #o. 
It follows that DG = &, so that 
G = &ID. 
We may state 
- 
1). (5.2) 
1) + &(4n), 
(5.3) 
(5.4) 
THEOREM 3. The enumerant A(4n + l), the number of permutations 
of Z,,,, with pattern (5.1) satisfies 
so &4n + 1) X4n+1 
(h + 111 
= g. (5-5) 
It follows from (5.5) and (3.19) that A(4n + 1) satisfies the recurrence 
2i(b + 1) + kg1 (- l)k (4’41 ‘) 22k-1A(4n - 4k + 1) = 1 
(n = 0, 1, 2 ,... ). (5.6) 
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